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Abstract

In order to test lepton universality in the Standard Model

.

, a precision measurement of
Γ (K+ → e+ν)/Γ (K+ → µ+ν) has been performed with the J-PARC

.

/E36 experiment.
Reliable positron/muon particle identification is crucial for the successful improvement of
the current experimental value. This thesis explains the necessary theoretical background
of motivation, detector physics, and simulation as well as the detector system of the
experiment. The main work is the evaluation and improvement of the efficiency and
precision of a tracking procedure in the analysis pipeline. The algorithm in use is
described thoroughly and the tools and results of improvements and parameter variations
are discussed.
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Chapter 1

Introduction

The field of elementary particle physics is concerned with the study of the basic building
blocks of the universe and their interactions. To this day, the widely accepted theory of
elementary particle physics is the so-called Standard Model (SM)

.

(see for example [26

.

]).
An overview of the particles in the SM

.

is provided in table 1.1

.

.
Within the SM

.

, matter is composed of particles categorized as fermions. They are
characterized by their half-integer spin. The fermions themselves can be further divided
into quarks, which (amongst other interactions) are subject to the strong force and leptons,
which are not. Both families come in three generations, which differ in mass. Each
generation includes two quarks or one charged and one neutral lepton. An example of
quarks are the up- and down-quarks of the first generation, which form the compound
particle “proton”. Leptons include the electron and the neutrinos.

The other category of particles are the bosons, which carry full-integer spin. These
particles, which include the photon, act as force-carriers to mediate the interactions
between particles (both fermions and bosons themselves).

This form of the SM

.

has been successfully predicting a broad variety of phenomena to
a high degree of accuracy. But, despite its success, there have been a series of observations
which stand in contradiction to it. A large amount of mass in the universe is considered
dark matter and cannot be explained with the SM

.

. This is also true for the problem of
dark energy [26

.

]. Another common example is the problem of neutrino oscillations [26

.

,
2

.

, 10

.

]. Neutrinos oscillate between their flavours, indicating that they do carry a mass,
whereas in the SM

.

they are assumed to be massless [15

.

].
In order to overcome these problems various extensions to the SM

.

have been proposed.
The Super Symmetric Standard Model (SUSY)

.

[26

.

] and the Leptoquark theories [25

.

] are
some of the most popular ones that try to tackle the difficulties described above. To test
and improve these theories and ultimately incorporate the correct formulation into the
current model, precision measurements have to be made. At the current level of accuracy
of the SM

.

and its competitors, one has to measure predicted quantities very precisely to
find deviations which point toward the superior theory.

One assumption of the SM

.

that is challenged by alternative theories is the so-called
lepton universality. This concept means that the leptons of all three generations/flavours

1



Fermions Bosons
Generation I II III gauge scalar

Quarks u c t g H
up charm top gluon Higgs

d s b γ
down strange bottom photon

Leptons e µ τ Z
electron muon tau Z boson

νe νµ ντ W
electron neutrino muon neutrino tau neutrino W boson

Table 1.1: The particles of the SM

.

according to [26

.

].

(again, see table 1.1

.

) couple to the gauge bosons with identical strength. In particular,
this is true for their coupling to the weak force mediated by W and Z bosons.

The goal of the experiment discussed in this thesis is to test lepton universality to
a higher level of accuracy than it has currently been done. A possible test for this
universality can be found by studying kaon decays. Kaons are mesons, compound
particles made of a quark and an antiquark. For the kaon, this is either an up or a down
type quark and a strange quark. The decay channels of interest to this experiment are
the ones resulting in either a positron or antimuon and a corresponding neutrino (see
figure 2.1

.

). For reasons discussed in section 2.1.2

.

, the quantity investigated here is the
ratio of the positronic over the muonic decay mode. The SM

.

predicts this ratio to be of
order 10−5 [7

.

]1

.

.
In order to search for deviations of this ratio, several experiments have been conducted

to measure it to a very high degree of accuracy. Measurements at KLOE [3

.

] and NA62
[28

.

] both found values consistent with the SM

.

prediction.
The experiment considered in this thesis, called “J-PARC

.

/E36”, tries to supersede the
ones mentioned before and aims for an uncertainty on the ratio of 0.25% [29

.

]. In contrast
to the in-flight measurements at KLOE or NA62, a stopped kaon beam is employed.
The measurements have already been taken at the Japan Proton Accelerator Research
Complex (J-PARC)

.

and need to be analyzed now. Since the ratio of positrons over
antimuons is very small, particle identification between these two is crucial for achieving
a high level of accuracy. Several methods outlined in section 3.1.4

.

are combined to
guarantee that positrons are identified at the highest possible rate. Having a small
number of events in the numerator of the fraction makes it essential to detect all of them
to not skew the ratio significantly.

One step in this analysis pipeline is concerned with reconstructing a particle trajectory
1The exact value is given in equation 2.14

.

.

2



through a magnetic field after it exits the detector target. For this tracking to be precise
the outgoing angle of the particle as it leaves the target needs to be known as accurately
as possible. This thesis evaluates and improves the algorithm used to determine this
outgoing angle.

3





Chapter 2

Theory

This chapter gives some theoretical background to terms and quantities related to the
experiment.

As it is usual in the field of particle physics ([see for example 27

.

, sec. “Units and
Conventions”]), Einstein’s summation convention for paired raised and lowered indices,
xαy

α =
∑

α xαy
α, is used, where greek indices run 0, 1, 2, 3 and latin indeces 1, 2, 3.

In the same manner the natural system of units is used, where the speed of light c
and the reduced Planck constant ~ are defined to be c ≡ ~ ≡ 1. Energy in units of eV is
chosen as the base dimension. Thus, masses are also measured in units of eV, whereas
time and distance are given in eV−1.

2.1 Kaon Decay

2.1.1 Kaons

Kaons are mesons, particles consisting of a quark-antiquark pair. Specifically they are
made of a strange antiquark and a quark from the first generation, namely up and down;
antikaons from their respective antiparticles. An overview over the various kaons and
their properties is given in table 2.1

.

.
The K0 and K0 are the pure quark eigenstates of the strong force. However kaons

decay via the weak force, these strong eigenstates mix into the weak eigenstates K0
S and

K0
L, which are 50% K0 and 50% K0. They are named after their lifetimes, which differ

over a couple of orders of magnitude. There is also oscillation between short and long
eigenstates, which will not be discussed further.

For the remainder of this thesis, the K+ will be the particle of interest.

2.1.2 Decay Width

As the goal of the experiment is testing of lepton universality, a quantity needs to be
examined, that is theoretically predictable to a high degree of accuracy in the SM

.

and is
also measurable in an experiment. Lepton universality refers to the equal strength of the

5



Type Symbol Quarks Mass (MeV) Lifetime (s)
K meson K0 d s 497.611 —

K+ u s 493.677 1.2380× 10−8

K antimeson K0 d s 497.611 —
K− u s 493.677 1.2380× 10−8

K-short K0
S (ds + sd)/

√
2 — 0.8954× 10−10

K-long K0
L (ds − sd)/

√
2 — 5.116 × 10−8

Table 2.1: The various kaons according to [26

.

]. The mixed states K-long and
K-short are their own antiparticles. K0 and K0 are strong eigenstates, yet
they decay weakly, therefore one has to refer to the mixed states K0

S and K0
L

for their lifetimes. For these the mass of the K0 can be assumed, yet there
is a known mass difference mK0

L
−mK0

S
= (3.484± 0.006)× 10−12MeV.

coupling g` of the weak force among all three generations or flavors of leptons

ge = gµ = gτ . (2.1)

The weak force is mediated through the gauge bosons W and Z, so a process involving
these should be considered. As it has purely leptonic decay modes, meaning that its
constituent quarks decay into leptons via a weak process, the kaon system described
in section 2.1.1

.

is suitable. Its advantage over e.g. the pion system is explained in
section 2.1.5

.

.

The simplest case of leptonic decay for the kaon system is the group of K`2 decays.

K`2 : K+ → `+ν` ,
Ke2 : K+ → e+νe ,
Kµ2 : K+ → µ+νµ ,

(2.2)

where a charged kaon decays into an antilepton `+, namely positron or antimuon, and
the corresponding neutrino (not antineutrino). The Feynman graph for these decays is
shown in figure 2.1

.

.

Having the mass of the kaon as available energy to produce the leptons, the excess
energy is available to them as kinetic energy. The positrons of Ke2 are emitted with a
momentum of 247MeV, the antimuons with 236MeV [29

.

, fig. 7].

If one wants to describe these kinds of decay processes mathematically, the method-
ology of Quantum Field Theory (QFT)

.

is to be used. Particles and system states are
described as Fock-space state vectors, where |α〉 is a vector, and 〈α| is the corresponding
linear functional in the dual space. Decays can then be described by a so-called scattering

6



q

W+

u

s

ν`

`

Figure 2.1: Feynman graph of the decay K+ → `+ν` (K`2), which is studied
to test lepton universality in the SM

.

. Graph generated with [9

.

].

matrix S, which transforms the incoming state |in〉 into the outgoing state |out〉 like

|in〉 = S |out〉 . (2.3)

The matrix elements are then

Sfi = 〈in|out〉 = 〈out|S|out〉 , (2.4)

where i stands for “initial” and f for “final”. As processes with identical initial and final
state are not interesting, the scattering matrix is usually split into unity and a transition
matrix T , which describes real transition processes:

S = 1+ iT . (2.5)

Since processes have to adhere to four-momentum conversation, this is usually also
separated. One is left with the Feynman amplitude Mfi

iTfi = iMfi · (2π)4δ4
( ∑

initial
pi −

∑
final

kf

)
. (2.6)

Here pi denote the incoming momenta and kf the outgoing ones. More details on the
scattering matrix formalism can be found for example in [27

.

].

The Feynman amplitude is a purely mathematical tool; and, an observable needs to
be calculated from it in order to make predictions, which can be tested experimentally.
A common observable for decay processes is the decay width Γ . The total decay width

Γtot =
~
τ

(2.7)

can be thought of reciprocal to the lifetime τ of a particle [15

.

]. Here ~ ≡ h/(2π) denotes
the reduced Planck constant. Many particles cannot decay in only one way, they can
decay into different sets of outgoing particles, called decay channels. Every decay channel
i has a decay width Γ (i), and the total decay width is the sum over the decay widths of

7



all possible decay channels
Γtot =

∑
i

Γ (i) . (2.8)

By taking the fraction of a decay width of of an individual decay channel i over the total
decay width, one finds the branching ratio

BR(i) =
Γ (i)

Γtot
(2.9)

for that decay. The branching ratio gives the probability for a certain decay channel.
For the K`2 decay, the Feynman amplitude is given as [29

.

, eqn. 1]

M = g`
G√
2
qα f(q2)

(
ū`γα(1− γ5)uν

)
. (2.10)

Here g` is the weak coupling constant for the lepton flavor ` and according to the SM

.

’s
lepton universality should be equal for electrons and muons (ge/gµ = 1). G is Fermi’s
coupling constant, {γα}, γ5 are the Dirac matrices, and the u`,ν are the spinors for
massive leptons and neutrinos respectively. The momentum transfer during the decay is
referred to as q. As kaons are compound particles that have a substructure, it would have
to be taken into account. The interaction between the constituent quarks and gluons is
the same for all kaon processes at a certain energy, so it can be encapsulated in the form
factor f . Considering K`2, the momentum transfer is the mass of the kaon q2 = m2

K ,
therefore f(m2

K) =: fK . This yields

M = g`
G√
2
fKm`ū`(1− γ5)uν . (2.11)

According to [29

.

, eqn. 3], the observable decay width for the K`2 decay can now be
calculated from the amplitude as

Γ (K`2) = g2`
G2

8π
f2

KmKm2
`

(
1−

m2
`

m2
K

)2

. (2.12)

As noted earlier, the fK is a constant that describes the complex inner workings of
the kaon compound system. It is hard to calculate theoretically; hence, it’s inclusion in
the observable decay width would decrease the precision of the SM

.

prediction. To avoid
the issue, the observable predicted by the SM

.

and tested by this experiment is not a
single K`2 decay width, but the ratio of the positronic over the muonic decay width [29

.

,
eqn. 4]

RSM
K =

Γ (Ke2)

Γ (Kµ2)
=

Γ (K+ → e+ν)
Γ (K+ → µ+ν)

=
g2e
g2µ

m2
e

m2
µ

(
m2

K −m2
e

m2
K −m2

µ

)2

(1 + δr) .
(2.13)

8



By taking the ratio, the form factor and Fermi’s coupling cancel out, leaving only a
dependence on the kaon and lepton masses as well as the ratio of the weak coupling
constants for the leptons. The inclusion of the radiative correction δr is discussed in
section 2.1.3

.

.
The current theoretical prediction for this ratio within the SM

.

is [7

.

, eqn. 16]

RSM
K = (2.477± 0.001)× 10−5 . (2.14)

Since the masses of the respective kaon and leptons are well known [26

.

], comparing the
theoretical prediction with the experimental result, Rexp

K gives a test for lepton universality

gµ/ge =
√
Rexp

K /RSM

.

K . (2.15)

Any deviation of the experimental from the SM

.

ratio implies a deviation of the weak
coupling constants over the different lepton flavors [21

.

, sec. 1.1].
The experimental value for the ratio Rexp

K is derived from the number of regis-
tered positronic N(Ke2) and muonic N(Kµ2) kaon decays. Again, decays with internal
bremsstrahlung

.

as described in section 2.1.3

.

, are included in this count, whereas struc-
ture dependent processes

.

are not. These numbers have to be corrected by the detector
acceptance rates Ω to yield the actual value of the ratio [32

.

, eqn. 2.2]

Rexp
K =

N(Ke2)

N(Kµ2)

Ω(Kµ2)

Ω(Ke2)
. (2.16)

It helps reducing the overall systematic uncertainties that the value depends only on
the ratio of the detector acceptances. The total uncertainty of Rexp

K obtained from this
experiment is expected to be 0.25% [32

.

, sec. 2.1].

2.1.3 Radiative Corrections

Bremsstrahlung refers to the emission of electromagnetic radiation by a charged particle
that is accelerated in an external electro-magnetic field. In the context of QFT

.

, this is
the emission of additional photons in the final state [27

.

, chap. 6].
In processes involving compound meson particles, which are described with an effective

theory using form factors1

.

, emissions of photons are divided into two categories [24

.

,
caption fig. 1, 4

.

, sec. 1]. This is illustrated by the Feynman graphs in figure 2.2

.

.
Internal bremsstrahlung (IB)

.

refers to the emission of a photon from vertices corre-
sponding to the meson, leptons or the gauge boson (figures 2.2a

.

to 2.2c

.

). In contrast,
structure dependent processes (SD)

.

involve the emission from the parts hidden away by
the effective theory (figures 2.2d

.

and 2.2e

.

).
In the theoretical calculations of the ratio RSM

.

K , the IB

.

corrections are included, but
SD

.

are not [29

.

, sec. 1.1, 7

.

, sec. “Results”]. This gives a value for the correction of

1See discussion in section 2.1.2

.
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K+

`

ν`

γ

W

(a) (b) (c)

(d) (e)

Figure 2.2: The different radiative processes occurring during a K`2 decay.
The circular blob represents internal processes of the meson which are
encapsulated by the effective theory. Figures 2.2a

.

to 2.2c

.

are categorized
as internal bremsstrahlung

.

, figures 2.2d

.

and 2.2e

.

as structure dependent
processes

.

. Figure adapted from [24

.

, fig. 1] and graphs generated with [9

.

].

δr = −0.036 [7

.

]. Explicitly, K+ → e+νeγ (KIB
e2γ ) and K+ → µ+νµγ (KIB

µ2γ ) are included
[19

.

].

2.1.4 Helicity Suppression

The cause of the big difference of the branching ratios of the electronic and muonic
channels can be explained by the concept of helicity suppression [16

.

, sec. 12.6]
Chirality is the behavior of the group theoretical description of a particle under parity

transformation. Particles that transform under the chirality operator γ5 = iγ0γ1γ2γ3,
γµ being the Dirac matrices, with a positive eigenvalue are called right-handed, those
with a negative one left-handed.

Helicity is the projection of a particle’s spin onto the direction of its momentum. Spin
and momentum pointing in the same direction is denoted as right-handed, them being
opposite as left-handed.

For massless particles, one can not boost into a frame of reference where direction of
momentum is reversed, so chirality and helicity are identical. For massive particles on
the other hand, this is always possible, making helicity frame dependent.

A peculiarity of the weak interaction is, that it only couples to particles of left-handed
chirality (and right-handed antiparticles). This can be seen in equation 2.10

.

, where
(1− γ5)/2 denotes a projection of the neutrino spinor into the left-handed state.

Considering the decay in the rest frame of the kaon, its momentum is zero. As
momentum is conserved, the final state also has to have a vanishing net momentum.
Same is true for the net spin, the kaon having s = 0.

10



Neutrinos are assumed to be massless in the SM

.

; hence, for the K`2 decay the chirality,
as well as the helicty of the final state neutrino, has to be left-handed. Thus, its spin is
opposite to its direction of momentum. Enforcing momentum and spin conservation, the
antilepton has to be emitted with a momentum in the opposite direction of the neutrino.
Its spin also has to be pointing to the opposite direction as the neutrino’s spin. Hence,
its helicity has to be left-handed as well.

But, being an antiparticle its chirality has to be right-handed to couple to the W-boson.
If the antilepton were massless as well, this decay would therefore be completely forbidden.
Yet, since it does carry a mass, chirality and helicity are not identical. While acquiring a
mass through the Higgs mechanism, the chirality states are mixed. The antilepton is
produced by the weak interaction in a pure right-handed chirality state, but its mass lets
it evolve into a mixture of left- and right-handed chirality [5

.

]. In the end, the helicity
requirement enforces the left-handed chirality final state.

So, the coupling strength of the chirality mixing is the particles mass. As the positron
is a lot lighter (me ≈ 0.5MeV) compared to the antimuon (mµ ≈ 105.7MeV) [26

.

], its
decay channel is heavily suppressed.

2.1.5 Contributions from Other Models

Without going further into details, the contributions made by the Minimal Supersymmetric
Standard Model (MSSM)

.

to RK shall be mentioned. Taking Lepton Flavor Violation
(LVF)

.

processes included in this model into consideration, the deviation from the SM

.

prediction can be written as

RLVF

.

K = RSM

.

K

(
1 + ∆LVF

.

)
. (2.17)

This contribution can be shown [13

.

, eqn. 19] to be proportional to the ratio of the τ
over e− mass, i.e., ∆LVF

.

∝ m2
τ /m

2
e . Due to this strong enhancement by τ emission, a

contribution at percent level can be reached [21

.

, 29

.

]:

RLVF

.

K = 1.014 ·RSM

.

K (2.18)

The LVF

.

process mediated by a charged Higgs in the MSSM

.

is shown in figure 2.3

.

without further explanation on the involved SUSY

.

particles.
Also being proportional to the involved meson mass, ∆LVF

.

∝ m4
K [13

.

, eqn. 19],
the LVF

.

contribution shows the superiority of the kaon channel compared to testing
lepton universality in the pion channel. The measurement of the same ratio Rπ =
Γ (π+ → e+νe)/Γ (π+ → µ+νµ) would not be sensitive to this MSSM

.

contribution, as it
is suppressed by a factor of m4

π/m
4
K ≈ 0.006 [29

.

].

2.2 Scintillators

This section follows the discussion in [20

.

, chap. 7].
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H+

(Higgs)

(Sneutrino) ν̃

B̃(Bino)

(Slepton) ˜̀u

s
e+

ντ

Figure 2.3: Feynman graph of a process contributing to RK , which involves
supersymmetric particles and is not possible within the SM

.

. Taken from
[29

.

], but graph generated with [9

.

].

A scintillator is a material, which emits a flash of light when hit by a particle or
radiation. Electrons in the matter are excited into a higher energy state by incident
radiation and emit light when relaxing to the ground state. When used as a detector,
this light is collected and transformed into a current by a photomultiplier (PMT)

.

, which
is amplified and finally read by electronics.

Scintillators feature a linear response to the energy deposited in the material as well
as a fast response time. This makes them suitable for energy spectroscopy and the
collection precise timing information of particle hits. The short recovery time they need
after a hit, before they are able to detect another one, allows for high incident particle
rates.

Light emission, luminescence, is categorized into two classes: Fluorescence describes
processes where the light emission occurs within 10−8 s of radiation absorption. Being of
the same order as the transition time an electron takes to change into a different energy
state, this emission is regarded as immediate. On the other hand, phosphorescence is
used to describe delayed emission. The excited state of the electron is metastable, so that
the relaxation into the ground state accompanied by photon emission does not happen
immediately. The time scale is material specific and can range from microseconds to
hours.

Specifically designed materials can include fast and slow transitions, so that their
behavior can be described by

N(t) = A · exp
(
− t

τf

)
+B · exp

(
− t

τs

)
. (2.19)

Here N describes the number of photons emitted at time t after absorption and τf and τs
are the fast and slow decay constants. The proportion of the respective processes A and
B is material specific as well.

As they are the type used in this experiment, this discussion will focus on organic
scintillators. These are especially well suited for the timing needs of this setup, as they
feature rapid decay times in the order of nanoseconds.

The electrons being excited during the scintillation process are the delocalized valence
electrons of the aromatic benzene ring structures of the organic material. Occupying the

12



π-orbitals of the benzene molecules, they are not associated with any one atom, but are
delocalized. Because of that, each excited electron singlet and triplet state has a fine
structure corresponding to the vibrational modes of the molecule. The electronic energy
levels are of the order of a few eV, whereas the vibrational levels are a few tenths of that.

From the first singlet excitation state, the radiative decay mostly relaxes to one of the
ground state vibration modes. Therefore, the energy of the emitted photons is smaller
than the excitation energy for the first level and the material is transparent to its own
emission radiation.

The most widely used form of organic scintillators are plastics. Their major advantage
is their mechanical flexibility and ease of production and handling. A good description of
their emission behavior is the convolution of a Gaussian with the exponential decay form.

N(t) = N0f(σ, t) exp

(
− t

τ

)
, (2.20)

where f(σ, t) is a Gaussian with a standard deviation of σ. N0 being the total number
of photons emitted and τ the material specific decay constant. For some materials, the
more general form of equation 2.19

.

would have to be adapted.

2.3 Monte Carlo Simulations

In order to understand the detector system better and evaluate systematic errors in
the analysis of the events, simulations of decays within the fully modeled detector
are performed [29

.

]. These deliver information about the uncertainty of the detector
acceptance ratio and inefficiencies of individual parts of the detector system. It also gives
insights into the errors introduced by the subtraction of the backgrounds, namely the
radiative structure dependent processes

.

(SD

.

) and from pion events.
The evaluation of the analysis algorithm presented in this thesis depends on simulation

data as well. As all the data about particle trajectories and energies is known to the
simulation, the study of simulated events makes it possible to compare the results of
the analysis with the actual values. On experimental data, it is hard to evaluate the
correctness of an analysis.

The simulations related to the target analysis in this thesis was performed using the
Geant4 [1

.

] toolkit. It is a software package for Monte Carlo (MC)

.

simulations. For
more information about the MC

.

methods deployed there, refer to [11

.

, chap. 2].
Monte Carlo

.

methods are a class of numerical calculation algorithms which utilize
probabilistic modeling to solve deterministic problems. The brief overview provided here
and more in-depth information can be found in [34

.

].
To illustrate how stochastic methods can be used for numerical calculations, the

example case of numerical integration will be examined. MC

.

methods are well suited for
higher dimensional numerical integration.

Consider the integral
I =

∫
Ω
dx f(x) (2.21)

13



over a domain Ω. The Monte Carlo estimate for I is then given by

E =
1

N

N∑
n=1

f(xn) , (2.22)

where xn ∈ Ω are N random numbers drawn uniformly from the domain of the integral.
For N → ∞, the estimate converges to the value of the integral E → I.

2.4 Particle-Detector Interactions

The following interactions between the particles involved in the decay and the detector
matter have been considered in the MC

.

simulation.

2.4.1 Delta Production

Delta-rays, δ-rays, or knock-on electrons, are electrons ejected from an atom during an
ionization process. In this case, it refers to electrons that are “knocked out” off the
detector matter by the primary decay product rays. The processes involved in this
knock-on electron production is being differentiated for positrons and antimuons; but, it
generally involves energy transfer from the decay lepton to a bound electron via collision.

During the MC

.

simulation, the differential cross sections at energy E for collision
with an atom of number Z are integrated from a cut-off energy Tcut up to a maximum
energy Tmax to obtain the cross section [11

.

, eqn. 7.2]

σ(Z,E, Tcut) =

∫ Tmax

Tcut

dT
dσ(Z,E, T )

dT
. (2.23)

Here, the cutoff energy is always larger than 1 keV.
For positrons, the elementary process considered in the simulation is Bhabha scattering

e+e− → e+e−. These calculations are carried out in the limit of the delta ray energies
being much larger than the ionization energy of the detector material (T � I). The
differential cross section is [11

.

, sec. 10.1.4]

dσ

dε
=

2πr2eZ

γ − 1

(
1

β2ε2
− B1

ε
+B2 −B3ε+B4ε

2

)
, (2.24)

where for the incident positron with mass m and energy E

γ = E/(mc2) (SI units) , B1 = 2− y2 ,
β2 = 1− (1/γ2) , B2 = (1− 2y)(3 + y2) ,
y = 1/(γ + 1) , B3 = (1− 2y)2 + (1− 2y)3 ,
ε = T/(E −mc2) (SI units) , B4 = (1− 2y)3 .

(2.25)

Z is the atomic number for the atom being ionized and re = e2/(4πε0mec
2) the classical
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electron radius [26

.

, tab. 1.1]. Simulations yielded2

.

a large amount (23%) of events with
positron delta rays at cutoff Tcut = 1.25MeV. A higher cutoff at 25MeV still yields
7.5%� of events that are affected.

Antimuons produce deltas by Mott scattering. In the center-of-mass system, the
corresponding cross section is2

.

(compare [27

.

, prob. 5.1, p. 169] and [26

.

, sec. 33.2.7])

dσ

dΩ
=

Z2e4
(
1− β2 sin2 θ

2

)
64π2ε0c

2
∣∣∣~P ∣∣∣2β2 sin4 θ

2

. (2.26)

Here e is the elementary charge, ε0 the dielectric constant, ~P the incident muon three-
momentum and SI units are used. The previous definitions also apply.

For a single collision like this, the maximum knock-on electron energy is given by [26

.

,
sec. 33.2.2] as

Tmax =
2mec

2β2γ2

1 + 2γme/M + (me/M)2
, (2.27)

where M is taken to be the muon mass and the result is in SI units. This yields2

.

Tmax = 5.46MeV as a maximum delta energy for muon collisions.
In the simulations, the production rate was found2

.

to be 31.5% for a cutoff at
Tcut = 1MeV, 2.4% at 4MeV cutoff.

2.4.2 Annihilation

Being a particle-antiparticle pair, the positron for a Ke2 decay can annihilate with an
electron from the atoms of the detector matter as it passes through via

e−e+ → γγ . (2.28)

According to the Geant4 manual [11

.

, sec. 10.3], the cross section used to model this
process is

σ(Z,E) =
Zπr2e
γ + 1

(
γ2 + 4γ + 1

γ2 − 1
ln
(
γ +

√
γ2 − 1

)
− γ + 3√

γ2 − 1

)
, (2.29)

where E is the incident positron energy, γ = E/(mec
2) its Lorentz factor (SI not natural

units) and re = e2/(4πε0mec
2) the classical electron radius [26

.

, tab. 1.1].
Simulations showed3

.

that at positron energies between 203.9MeV to 255.0MeV, this
process occurred in 3.2%� to 2.6%� of events.

2J. Imazato, internal document “Consideration of target interaction (1)”
3J. Imazato, internal document “Consideration of target interaction (3)”
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2.4.3 Bremsstrahlung

As noted in section 2.1.3

.

, charged particles emit photons as they are accelerated in a
magnetic field. In this case, the leptons are being decelerated due to the deflection by
the atomic nuclei and orbital electrons of the detector matter.

The model implemented for electrons [11

.

, sec. 10.2.1] in Geant4 is based on the
Seltzer-Berger bremstrahlung tables [30

.

]. For this model, the differential cross section
with respect to the photon energy k is given by

dσ

dk
=

dσn
dk

+ Z
dσe
dk

, (2.30)

where dσn/dk is the differential cross section for interaction with the screened nucleus
and Z dσe

/
dk the one for the orbital electrons for atoms of atomic number Z. Both

cross sections are tabulated in [30

.

].
Using these tables in the simulation4

.

, the energy loss in the detector is estimated to
be 5.29MeV cm−1.

4J. Imazato, internal document “Consideration of target interaction (2)”
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Chapter 3

Detector System

The E36 experiment discussed in this thesis has been performed at J-PARC

.

’s Hadron
Experimental Facility in Ibaraki, Japan by the Time-Reversal Experiment with Kaons
(TREK)

.

collaboration. The data was collected between October and December 2015 and
it is now being analyzed.

3.1 Overview

An overview of the detector system is provided in figure 3.1

.

. The following discussion
summarizes the descriptions given in [29

.

, 21

.

, 19

.

, 33

.

].

3.1.1 Beam, target and SFT

A K+ beam with a momentum of 780MeV/c is stopped inside the centered segmented
scintillating fiber target of the apparatus, after being slowed down by a BeO degrader.
In order to only trigger the analysis on kaon events, a Fitch-type differential Cherenkov
counter is placed in front of the target. Its refractive index n = 1.49 was chosen so that
light is only emitted at the rear surface if kaons in range of 740MeV to 800MeV entered
it. This setup triggers at more than 99% K+ efficiency and misidentifies π+ as K+ less
than 1%.

The target is made of scintillating fibers and used to determine the location of the
stopping point of the kaon in the transverse plane; more details on the target are provided
in section 3.2

.

.
A Spiral Fiber Tracker (SFT)

.

detector is used in order to determine the stopping
position along the beam axis. Over the length of 200mm two double-layer fiber ribbons
are wrapped around the target in opposite winding directions. That way the intersection
of both signals yields the z-coordinate of the stopping point. Together with the target
and tracking information in the magnet, a complete three-dimensional stopping vertex
can be calculated.
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3.1.2 Calorimeter

In order to determine and discard background events that are structure dependent ,
a photon calorimeter is included in the detector system. Surrounding the target, 768
CsI(Tl) crystals cover 75% of the solid angle, but leaving gaps for the spectrometer
structure described in section 3.1.3

.

and two holes for beam pass-through. These crystals
measure the photon energy for each decay event.

3.1.3 Spectrometer

The core target and calorimeter is surrounded by a superconducting toroidal magnet
consisting of twelve iron poles separated by twelve 20 cm gaps (as seen in figure 3.1

.

, end
view), in which the magnetic field is generated. Perpendicular to the beam line, the
diameter of the detector is about 3m. To maintain superconductivity, these magnets
have to be cooled by a cryostat using liquid helium. During the production runs, these
magnets generated a field of 1.4T. Being exposed to this magnetic field, the trajectories
of charged particles1

.

emitted from the target are bent 90◦. This is used to analyze
their momentum as will be discussed below. The particles are tracked by Multi-Wire
Proportional Chambers (MWPCs)

.

at the entrance (C2) and exit (C3 and C4) of the
magnets.

3.1.4 Particle identification

Particle identification is crucial for a precise measurement of the RSM

.

K ratio. As the
difference between the Ke2 and Kµ2 branching ratios spans several orders of magnitude,
Ke2, in particular, has to be identified to the highest degree possible. Kµ2 contamination
has to be removed. To achieve this, a redundant system of several detectors is used.

Cherenkov counter AC

.

A threshold Aerogel Cherenkov counter (AC)

.

is installed around the target. In order
to detect positrons (e+), a refractive index of 1.08 was chosen for the 4.0 cm thick
detector. Its efficiency in detecting e+ is estimated to be greater than 98% while it’s
mis-identification rate is 3%.

TOF

.

measurement

In the low energy region, a time-of-flight (TOF)

.

measurement is performed between 12
pairs of scintillation counters. TOF

.

1 counters are mounted surrounding the target and
TOF

.

2 90 cm behind the MWPC

.

C4. Both counters use “BC404” as scintillator material
and they are 5mm and 20mm thick. BC404 is a plastic scintillator material based on
polyvinyltoluene

Typically, the path length of the particle trajectory between TOF

.

1 and TOF

.

2 is
around 250 cm. Over this distance, the difference in time-of-flight

.

(TOF

.

) for positrons
1Muons and positrons from the kaon decays
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Figure 3.2: Schematic view of the fiber target. Scintillating fibers are rep-
resented by green squares, the circular embeddings are the wave length
shifters (WLSs)

.

. Acrylic binding in blue Figure from [33

.

, fig. 22].

and muons is around 500 ps. With a time resolution of 200 ps, the employed TOF

.

-system
is able to differentiate between these particles with an accuracy of 99.993%.

Lead glass counter PGC

.

At the end of each magnet gap, 12 cm thick lead-glass Cherenkov counters (PGCs)

.

shower
incoming particles. These are also Cherenkov detectors that measure the energy deposit
and identify e+ with an efficiency of 98.5%.

Mis-idientification Rate

Overall, the muon mis-identification rate is the product of the rates of the individual
detectors [compare 23

.

, sec. 3]

0.02 (AC

.

) · 7× 10−5 (TOF

.

) · 0.015 (PGC

.

) ≈ 3× 10−8 . (3.1)

3.2 Target

The main target detector, on whose data most of the analysis in this thesis is built upon,
is a bundle of scintillating fibers. A schematic of the bundles structure is depicted in
figure 3.2

.

.
There are 265 square fibers with a dimension of (3× 3× 200)mm3 each. As the
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Figure 3.3: Photo of the partially assembled fiber target. The green WLS

.

fibers inset in the scintillating fibers are clearly visible along the length of
the bundle. Their round cross section can be seen inside the cross section
of the square fibers. Picture by J. Imazato.

scintillator material, “BCF-12”2

.

by Saint-Gobain was used. To keep the light in the
individual fibers, they have been covered with a TiO2 reflective paint on all sides. This
coating is about 40µm to 50µm thick, resulting in a total fiber width of around 3.15mm3

.

.
The whole bundle is arranged in a circular manner with a diameter of roughly 58mm.
To hold the target together, it is embedded in two stepped acrylic rings and embraced by
an aluminum pipe at the downstream end [33

.

, fig. 22]. Together with coating, the fiber
bundle spans a total diameter of 65mm [31

.

, sl. 13].
In each fiber a 1mm diameter wave length shifter

.

(WLS

.

) is embedded in a 1.1mm
wide and 1.3mm deep groove carved into the fiber3

.

. The WLS

.

fibers guide the light
emitted by the scintillator out of the target and into the readout mechanism and shifts
its wavelength into the green spectrum. Their total length is about 1.40m. For the WLS

.

,
the S-type “Y-11 (250 ppm)” fiber with double cladding by Kuraray4

.

has been used.
The inset fibers are visible in the partially assembled target in figure 3.3

.

.
For analyzing the WLS

.

output, a multi-pixel photon counter (MPPC)

.

by Hamamatsu
2For more information, refer to the website of the manufacturer https://www.crystals.saint-gobain.

com/products/scintillating-fiber

.

(retrieved 2018-04-16)
3M. Hasinoff, private communication
4For more information, refer to the manufacturers website at http://kuraraypsf.jp/psf/ws.html

.

(retrieved 2018-04-16)
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Photonics5

.

is deployed. An MPPC

.

is a silicon

.

photomultiplier

.

(SiPMT)

.

which converts
a light signal into an electric current for processing in an electronic analysis pipeline.
The functional principle of an MPPC

.

is described in [22

.

].
When a photon hits the detector made of silicon photodiodes with an energy higher

than the bandgap of the semiconductor, an electron of the detector material is excited
into the conduction band. There a current can flow and is measured by a supporting
circuit.

In order to maximize the sensitivity and detect single photons, an avalange photodiode
(APD)

.

is used. In a certain region within this APD

.

, a high electric field strength
is employed. This accelerates the single excited electron to a high speed, enabling it
to ionize detector matter by bumping into another electron. Both electrons are again
accelerated and knock off another pair of electrons. This avalanche results in a gain of
signal strength by a factor in the range of ten to a few hundred.

To further increase the gain, the APD

.

can be operated in Geiger mode. Increasing the
voltage applied to the semiconductor for the avalanche region will eventually transform it
into a conductor. This breakdown of semiconductiveness, also known as Geiger discharge,
is initiated by the first electron entering the avalanche region as the APD

.

can be a stable
semiconductor even above the threshold voltage. As the detector becomes a conductor,
the current flow increases dramatically, and the signal gain is around 105.

The MPPC

.

reading the target fibers is operated in Geiger mode.

5http://www.hamamatsu.com/

.
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Chapter 4

Analysis

The specific analysis procedure described in this chapter focuses on track reconstruction
inside the fiber target. In order to track the leptons through the magnetic fields of the
spectrometer and measure the time-of-flight

.

between TOF

.

1 and TOF

.

2 (see section 3.1.3

.

),
the outgoing angle of the lepton coming from the target needs to be known precisely.

In figure 4.1

.

a typical event is displayed as it is generated by the MC

.

simulation (see
section 2.3

.

). Looking at it by eye, one can see a single track diverging into two separate
tracks. One of them is stopping inside the target, the other one is apparently leaving it.
Just calculating a linear fit on all bars would yield a bad result, if we are interested in
the angle of the track leaving the target.

As described in section 2.4.1

.

, a highly energetic lepton coming from the kaon decay
can produce a knock-on electron. Being a lepton itself, it is also detected by the target
fibers and leaves a secondary track branching off the actual primary decay lepton track.
Because the goal of the analysis procedure is to find the outgoing angle of the primary
track only, secondary tracks have to be identified and removed before fitting. This is the
main problem the algorithm described in this section is trying to solve.

While the core algorithm had been previously designed and implemented, this thesis
focuses on fixing bugs so that it would actually output usable data, improving its
performance and quality, implementing measures to assess its accuracy and tune its
parameters accordingly to optimize the results. These parameters will be marked as
PARAMETER throughout the text. Improvements will be explained alongside the existing
algorithm together with a study of their parameters’ values in section 4.3

.

. Supporting
tools that were developed or extended during the improvement of the existing code
are explained in section 4.2

.

. A concise overview over the performance of the improved
algorithm and the optimized parameters is given in section 4.4

.

.

4.1 Overview
A brief overview over the algorithm is provided to give a sense of direction in the following,
more in-depth sections. The individual steps are illustrated in figure 4.1

.

.

1. Separate the kaon and lepton tracks. In figure 4.1

.

this separation has already
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Figure 4.1: A typical event (822/16) as it is displayed by the EventPlot
routine. Black bars inside the black circle indicate the fibers of the target
that have been hit by a particle; the black cross is the center of the detector.
The separation of the pixels into to diverging tracks is visible by eye. More
details on the visualization are explained in section 4.2.1

.

, but black is used
for the individual bars to indicate their still indeterminate particle type.

taken place: the red lepton bars are displayed in subplot (Lepton Fit), the blue
kaon bars in subplot (Kaon Fit). Details in section 4.3.1

.

.

2. Determine K-stop. Determine the point where the kaon decayed into the leptons.
The K-stop is shown in figure 4.1

.

subplot (K-Stop Determination) as a magenta
asterisk. Details in section 4.3.2

.

.

3. Evaluate possibility of two leptons. Calculate a preliminary fit for all lepton
bars and decide, whether the event in question has two tracks or not. If it is a single
track event, output the angle of the fit and terminate the algorithm. Otherwise
continue with a two track analysis. Details in section 4.3.3

.

.

4. Separate lepton bars into two tracks. Find the two tracks using the K-stop.
Details in section 4.3.4

.

.

5. Assign lepton bars to the separated tracks. Find the hit bars that form the
two separate tracks. Figure 4.1

.

shows the separated tracks in subplots (Track 1)
and (Track 2). Details in section 4.3.5

.

.

6. Choose the primary track. Among the two tracks, identify the one that
corresponds to the decay lepton and discard the knock-on electron track. The
primary decay lepton track is shown in red inFigure 4.1

.

subplot (Both Tracks),
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interpreted compiled
ROOT options .L 〈program〉 .L 〈program〉+
events analyzed 51 458 51 458
total run time 202.65 s 83.17 s

3:22.65min 1:23.17min
compared to compiled 2.44 1

Table 4.1: Comparison of the execution speed of a batch analysis between
compiled and interpreted mode in the ROOT framework. The numbers were
averaged over 5 runs. Execution takes over double the time in interpreted
mode as it does in compiled mode.

whereas the secondary one is shown in green. Output the angle of the track and
terminate the algorithm. Details in section 4.3.6

.

.

4.2 Tools

4.2.1 Single Event Analysis

For the analysis of single events, the ROOT framework [6

.

] version 6.08 was used. It
is implemented in the C++ programming language and includes routines for fitting,
numerical calculations and plot displays.

Besides other reasons, ROOT and C++ were chosen for speed. With the need to
analyze tens of thousands of events, optimizing performance of a single event analysis
becomes important. The main performance advantage of C++ is the fact that it is
compiled language, which means that a program – the compiler – is used to translate
the source code into machine instructions. ROOT offers a possibility to read and run
C++ code interactively, where the statements are interpreted immediately, as opposed
to being compiled and started as a separate program. While this allows for rapid testing
and development and has been used extensively while working on the code, it comes with
a big performance drawback.

One step forward in improving the existing code was to enable compilation by
fixing various bugs and formulating statements in a more strict way. Before that, the
analysis macros Find_Many_Tracks_2.2.C, used for single event analysis, and Batch_
Two_Tracks_Fit.C, used for analyzing a big number of events in batch mode (see
section 4.2.2

.

), could only be used in interpreted mode. Table 4.1

.

shows the performance
gained by using the compiled version.

The analysis macro Find_Many_Tracks_2.2.C, used by calling FindTwoTracks(),
can be invoked with an option to produce a graphical display of the event and steps
of the analysis algorithm. Such a display is shown in figure 4.2

.

. Another big problem
that was commonly encountered during the development, was the inflexible plotting
mechanism. All plots were produced at the very end of the algorithm and could not be
extended to temporarily show more information about a single step. On top of that,
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the fits shown in the plots were newly generated just for display. This has performance
drawbacks but also gave birth to inconsistencies between the visual representation and
the actual computation. Therefore, the plotting code was completely rewritten in a class
called EventPlot, but kept the same visual appearance for consistency. It uses a more
modular approach where elements like fits, bars, markers, arrows, or value output can be
added at any point in the code to visualize data only accessible in that scope.

The EventPlot is used to inspect individual events and to find problematic ones
which need adjustment in the algorithm. Coordinate axis describe the x- and y-direction
perpendicular to the incoming beam and the units are given in mm. A black cross (×)
marks the center of the detector. The innermost black circle represents the core fiber
target, which colored boxes marking hit bars. The blue circle shows the position of
the SFT

.

. As the outermost layer, the TOF

.

1 counters are drawn as twelve gray boxes
and a magenta circle. Counters have detected a hit are highlighted in a slight orange.
The actual hit point in the TOF

.

1, as reported by the simulation, is shown as a box in
either red with error bars, or cyan. The point where the knock-on electron was emitted
according to simulation data is shown as a small green box with a black line drawn
towards the bar that has been hit last by the knock-on electron.The simulation K-stop is
shown as a blue cross (+), whereas the algorithmically determined one is marked as a
magenta asterisk (∗). In the top row lepton bars and fits are represented in red and kaon
bars and fits in blue. In the bottom row, red represents the primary decay lepton track
and green the primary knock-on electron track.

4.2.2 Batch Analysis Evaluation

In order to find areas of improvement and spot problematic events systematically, statistics
for a large number of events has to be generated.

The program Batch_Two_Tracks_Fit.C offers a function Batch_Two_Tracks_Fit(),
which calls FindTwoTracks() on a whole data file with many individual events, and
compiles the results. It can generate a PDF

.

file with multiple EventPlot displays for
faster inspection and has a non-graphical mode to generate Comma Separated Values
(CSV)

.

data files for further processing. A function Multi_Batch() to run CSV

.

generation
on multiple data files at once is also included.

The resulting data file includes many different output variables for each event for
further analysis, including the angles of the primary and secondary track as well as their
errors compared to the simulation data, the K-stop radius as well as its distance to
the simulated one, lengths of tracks in the target as well as their energy deposit, the
algorithm parameters, and one/two track analysis mode. This information is then read
by a Python1

.

program which uses SciPy [18

.

] for statistical analysis and Matplotlib
[17

.

] to produce a summary plot for a data file. An example of a meta-analysis summary
plot is shown in figure 4.3

.

.
Several cuts on the data are performed before further evaluation in order to remove

erroneous events. Events which satisfy the following conditions were excluded.
1https://www.python.org/

.
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• Missing lepton or kaon tracks. No analysis can be performed on them.

• K-stop error greater than 100mm. Keep in mind, that the target itself is only
60mm in diameter (see section 3.2

.

). These are mostly events where the K-stop
reported by the simulation is wrong and cannot be compared to the algorithmically
determined one (see also section 4.3.2

.

).

• Primary angle error greater than 10◦. The majority of these events have a wrong
simulation angel.

• Energy of the knock-on electron negative or greater than 120MeV. These are very
irregular events and are artifacts of a bug in the simulation or single event analysis.

Lists of all excluded events are sorted and output to identify problematic events and fix
or tune the algorithm accordingly.

Quantities and variables used in the plots are the following. Means have been
calculated with numpy.mean()2

.

as 1/N
∑N

i xi. All these values are only calculated for
two track events, unless otherwise stated.

run number Internal identifier of the data file.

number of events The total number of events analyzed for this plot after the cuts
have been applied.

delta detection efficiency The fraction of events in this data set which has been
identified as two track events.

primary angle error Absolute value of the difference between the primary decay lepton
angle as reported by the algorithm and the simulation. Given in degrees.

primary angle error std deviation The standard deviation of the primary angle
error over the whole data set. It is calculated with numpy.std()3

.

which evaluates√
1/N ·

∑N
i (xi − x̄)2, where x̄ is the mean value of x (see above). This helps do

understand the spread of the angle error.

difference one/two-track fit For events with two tracks, the difference between the
calculated primary angle for fitting all bars as one track and using the two track
algorithm is calculated.

fraction events k_stop_error > 10,
fraction events angle_primary_error > 10,
events with missing tracks (kaon/lepton)
Fractions of events excluded by the cuts described above. For the primary angle
error, the cuts are performed for more than 100mm, but the fraction for more than
10mm is shown as an indicator of “bad” events.

2https://docs.scipy.org/doc/numpy-1.14.0/reference/generated/numpy.mean.html

.

3https://docs.scipy.org/doc/numpy-1.14.0/reference/generated/numpy.std.html

.
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angle between primarty and delta The acute angle between the primary and sec-
ondary tracks. This is included because it is interesting to see whats the minimal
angle between two tracks that the algorithm can resolve and how its performance
is dependent on it.

primary track length in target The length of the primary lepton track inside the
target as reported by the simulation. Longer tracks produce better fits and the
dependence of the algorithm on the length is to be studied.

K-stop radius The euclidean distance between the K-stop found by the algorithm and
the target center. Analyzed to check anomalies in K-stop determination.

delta energy The energy deposited in the detector by the knock-on electron as reported
by the simulation. Lower energies could affect the algorithms performance,

Descriptions on the parameters listed in the top-right table are given in the respective
section in section 4.3

.

.

4.2.3 Parameter Variation

In order to study the influence of algorithm parameters and optimizing their values, a
automated way to varying them was created.

The tunable parameters are defined in a special header file called TweakParameters
.h. A Python program called parameter_study.py accepts a list of parameters and
ranges to vary them. For every parameter and variation, a header file is generated and
the batch analysis Batch_Two_Tracks_Fit() is run on it, which analyzes a number of
data files. Default values are used for all other parameters than the one being varied in a
specific variation run. The meta-analysis Python routine is then run on the resulting
CSV

.

files and the values listed in its output’s top-right table are recorded for every
variation. These figures of merit are then plotted in a summary plot as shown in figure 4.4

.

The following figures of merit are studied to improve the algorithm. For their detailed
description, refer to section 4.2.2

.

.

Mean Primary Angle Error This is obviously the strongest indicator for improving
the algorithm. The y-values are given in degrees.

Primary Angle Error Standard Deviation Gives the spread or uncertainty of the
primary angle error. The y-values are given in degrees.

Fraction of Events w/ Primary Angle Error > 10◦ As an indicator on how many
events are analyzed in a bad way, this is another important indicator. The y-values
are given in degrees.

Delta Detection Efficiency How well the algorithm detects two track events is impor-
tant. Data sets marked as “only deltas” show the true detection rate, for “mixed”
sets, this quantity is meaningless. The data set marked as “no deltas” serves as
a test for false positives. It includes no events with knock-on electrons, so the
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detection rate shows how many events are wrongly identified. This is not very
problematic, as one track events will yield a good two track fit as well. The y-axis
is dimensionless.

Mean K-Stop Error Included to study the performance off the K-stop determination
step of the algorithm (see section 4.3.2

.

). The y-values are given in millimeters.

Fraction of Events w/ K-Stop Error > 10mm Analogues to the primary angle
error case, this shows the number of bad events. The y-axis is dimensionless.

The following data sets were chosen for the parameter studies.

828 (blue, “only deltas”) Only events with knock-on electrons. In this data set, the
correct angle for the outgoing decay lepton was not reported by the simulation.
Therefore the angle of the line connecting the simulation K-stop and TOF

.

1 hit
point was used as a reference point. This data set only includes events with at
least TOF

.

1 hit energy between 150MeV to 240MeV. The knock-on electron has
to have a minimum energy of 2MeV and a minimum track length of 1.0 cm.

214-1 (orange, “mixed”) Both events with and without knock-on electrons are in-
cluded. The angle is reported by the simulation. Only events with at least one
TOF

.

1 hit are included.

216-1 (green, “only deltas”) Only events with knock-on electrons from positrons,
apart from that same restrictions as for set 828. The angle is reported by the
simulation.

321-2 (red, “no deltas”) No events with knock-on electrons. More precisely, no con-
straints on TOF

.

1 hit number were enforced, but no hits with energy larger than
200MeV are allowed. Maximum knock-on electron hit energy is forced below
0.1MeV and the track length below 0.5 cm. Serves as a survey of false positive
rates. The angle is reported by the simulation.

4.3 Two Track Algorithm

4.3.1 Kaon/Lepton Separation

The algorithm receives an array of hit bar IDs with corresponding hit time and energy
deposit. As a first step, these have to be classified as hit by either a kaon or a lepton.

After it hit the target and is slowed down, the kaon exists for a while at a constant
position in the x-y-plane, before it decays into the lepton. Therefore, there is some time
separation between the kaon and lepton hits. In the simulation data sets, the kaon hits
usually happened in under 3 ns, and the first subsequent lepton hits started around 5 ns
the earliest, often even at more than 10 ns. Even though the energy deposit for kaon hits
is usually higher, partially hit bars still detect a low energy deposit comparable to the
lepton bars, so it is not suitable to use the energy information at this point. The timing
information is sufficient for most cases.
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To clean up the data, hits with a minimum energy of less than currently 0.03MeV
are discarded.

From the remaining bars, the minimum time tmin and maximum time tmax are
determined. They are averaged over the two smallest and two largest timing values,
respectively. Using these, a separation step width tstep is calculated as the midpoint
between these two values

tstep =
1

2

(
tmax − tmin

)
. (4.1)

As mentioned earlier, the timing offset between the two particle types is usually large
enough that the midpoint separates both types cleanly. However, if tstep < 0.5 ns, then
the time separation is considered to small to accurately discriminate particles and the
algorithm flags these events as unprocessable.

In case the difference between the two minimal or two maximal timings is larger
than the step size, tmin,2 − tmin,1 > tstep or tmax,1 − tmax,2 > tstep, only the second to
extremum values will be used for tmin,max; tstep has be recalculated accordingly. This
discards outlier extremum values.

For each bar with time t, its timing difference to the minimal value ∆t, i.e, the offset
from the first hit, is be calculated

∆t = t− tmin . (4.2)

This offset is now compared to the step width and the bar classified accordingly,
leptons being in the later half of the interval, kaons in the earlier one.

tstep < ∆t < 70 ns : lepton ,
−0.1 ns < ∆t ≤ tstep : kaon .

(4.3)

The numerical constrains filter erroneous events.

4.3.2 Kaon Stop Determination

After separating the tracks, the point where the kaon ceased to exist and decayed into
the charged lepton and neutrino, needs to be determined. This point is called “K-stop”.

The K-stop was mainly determined by taking the intersection point of fits for kaon
and lepton bars. In the optimal case, this yields the exact point where both trajectories
intersect, which has to be the origin point of the lepton. For the fits, the ROOT
function TGraphErrors::Fit()4

.

is used with a first degree polynomial (line) and takes
the uncertainties of the bars into account. The lepton bars include the (simulated) TOF

.

1
hit multiple times according to FIT_TOF1_WEIGHT. They are first fitted without error
bars to get a good guess for the slope and intercept parameters of the line fit, and then
again taking the error bars into account.

As it can be seen in the meta-analysis in figure 4.5

.

, there seems to be a correlation
between K-stop error and primary angle error, so it is worth improving the K-stop

4https://root.cern.ch/doc/v608/classTGraph.html#aa978c8ee0162e661eae795f6f3a35589

.
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run number 2161
number of events 5981
delta detection efficiency 82.29%
mean primary angle error 1.45°
mean difference one/two-track fit 3.20°
mean K-stop error 2.51mm
fraction events k_stop_error > 10 1.37%
fraction events angle_primary_error > 10 1.45%
events with missing tracks (kaon/lepton) 6.12%

TWO_TRACK_MIN_CHISQ 1.5
TWO_TRACK_MIN_LEPTON_BARS 5.0
FIT_TOF1_WEIGHT 3.0
K_STOP_CENTROID_THRESH 8.0
PATH_TRAVERSIAL_USE_ALL 1.0
PATH_TRAVERSIAL_DIJKSTRA_JUMP_RADIUS 9.0
PATH_TRAVERSIAL_ALL_PENALTY 1000.0
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Figure 4.5: Excerpt from the meta-analysis of run 216-1 to show the corre-
lation between K-stop error and primary angle error. Details on graph
generation in section 4.2.2

.

.

determination. In the original algorithm, the distribution of K-stop errors looked like in
figure 4.6a

.

. The long tail which stretches out towards the cutoff 100mm is noteworthy. It
has a non negligible proportion above 20mm, which is still a third of the target diameter.

After inspecting a number of events with big K-stop error, the source of the problem
was found. As illustrated in figure 4.7

.

, a wide spread in the lepton bars – most likely
they contain two tracks – leads to an intersection point far off any hit bars. The K-stop
has to be near the kaon bars, even if there is some gaps in the lepton bars. To enforce
that, some changes were made to the algorithm.

If the x-y-spread of the kaon bars is more than 6.2mm (roughly two bars), the same
intersection method is tried. If the intersection point’s radius lies within the target
or SFT

.

, and its distance to any kaon bar is less than K_STOP_CENTROID_THRESH, it is
accepted as the K-stop.

Otherwise, the centroid of the kaon bars is calculated by summing all x- and
y-coordinates, respectively, and dividing by the number of bars. If there are kaon
bars with an energy deposit of E > 1MeV and a time of hit t < 3 ns, then only these are
used. Otherwise all kaon bars are used.5

.

With the new method, the K-stop is now placed closer to the actual one, as it can be
seen (magenta asterisk) in figure 4.7

.

. The comparison in figure 4.6

.

shows clearly, that
the new method improves with a K_STOP_CENTROID_THRESH of 8mm.

5Minimum energy and maximum time would also be suitable parameters for systematic variation.
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(a) Before the improvement. Significant number
of events with K-stop error over 20mm

0 20 40 60 80
angle_between in degrees

10 2

10 1

100

101

an
gl

e_
pr

im
ar

y_
er

ro
r i

n 
de

gr
ee

s

Angle error by angle between primary and delta
two tracks

run number 12121
number of events 9984
delta detection efficiency 93.04%
mean primary angle error 1.45°
mean difference one/two-track fit 3.12°
mean K-stop error 2.56mm
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(b) After the improvement. The number of events
with K-stop error over 20mm is negligible.

Figure 4.6: A comparison between the old and new method of determining
the K-stop on run 1212-1. The new method significantly decreases the
amount of events with large K-stop error (note the x-axis scale). Details
on graph generation in section 4.2.2

.

.

Figure 4.7: Illustration of the problem with the intersection method for de-
termining the K-stop (event 828/1). Because of the spread in the lepton
bars, the intersection point is far off. The centroid is the better solution.
For details on the graphs elements, refer to section 4.2.1

.

.
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Figure 4.8: The influence of the variation of the parameter K_STOP_CENTROID_
THRESH on the K-stop. The value that minimizes both mean K-stop error
(left) and number of bad events (right) is shown as a dotted line. K_STOP_
CENTROID_THRESH is given in mm. Details on graph generation in
section 4.2.3

.

.

The threshold distance to the kaon bars K_STOP_CENTROID_THRESH has been varied
according to section 4.2.3

.

, to find the optimal value. Figure 4.8

.

shows its influence on the
K-stop. While the mean K-stop error remains mostly constant beyond 2mm to 2.5mm,
the fraction of bad events increases for most data files at least beyond 2mm. Therefore
2mm is chosen as the optimal value for K_STOP_CENTROID_THRESH.

4.3.3 Two Track Decision

After the K-stop has been found, the algorithm tries to decide, whether the event in
question includes a knock-on electron and a two track fit has to be performed or all
lepton bars can be considered part of one track.

As a first requirement for performing a two track fit, the number of lepton bars has
to be greater than TWO_TRACK_MIN_LEPTON_BARS. If there is too few bars, the algorithm
will not be able to resolve the different tracks, even if they were present. In that case, a
single track fit would still yield better results.

This parameter has been varied according to section 4.2.3

.

to find the best value for
the minimum number of bars. Figure 4.9

.

shows, that for values greater than 2, the mean
primary angle error and its standard deviation remain mostly stable, indicating that even
the mathematically minimal number for a fit yields good results results. As the value is
increased, too few events are tried to be evaluated as two track events and the number of
bad events rises. The efficiency is not very dependent on this parameter, but the false
positive rate (as indicated by the red line) peaks at 2. This is not really problematic, as
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one track events will yield good fits when evaluated via the two track routine as well.
Therefore, 2 was chosen as the optimal value.

Aside from this technical constraint, the actual question of judging the two-track-
nature of the event needs to be addressed. For the fit of all lepton bars obtained during
K-stop determination (section 4.3.2

.

), a quantity called reduced loss `? is calculated as
follows.

The loss ` is the sum of squared distances for each point (lepton bar) from the line of
the fit. If the world space coordinates of the N bars are given by (xi, yi) for i = 1, . . . , N
and the line fit is parameterized as y(x) = mx+ t with slope m and intercept t, then

` =

N∑
i=1

[
d (xi, yi,m, t)

]2 . (4.4)

Here d is the shortest distance between a point and the line as given by

d (x, y,m, y) =
|−mx+ y − b|√

m2 + 1
. (4.5)

The reduced loss is obtained by dividing the loss by the number of degrees of freedom
ndf of the line fit.

`? =
`

ndf
. (4.6)

The number of degrees of freedom for a fit is returned by ROOT’s TF1::GetNDF()
function. It is defined as “The number of degrees of freedom corresponds to the number
of points used in the fit minus the number of free parameters”.6

.

In this case the number
of free parameters, m and t, is 2.

Now the reduced loss is used as a measure of spread in the lepton bars. If the spread
is too big, i.e., `? > TWO_TRACK_MIN_CHISQ, the event is considered to have two tracks
and the algorithm continues with the two track procedure. A single lepton should lead to
a mostly straight line of hit bar and therefore have a small `?. In that case the algorithm
terminates and outputs the angle obtained from the linear fit of all lepton bars.

TWO_TRACK_MIN_CHISQ has been varied systematically according to section 4.2.3

.

with
the results shown in figure 4.10

.

. Obviously the detection efficiency decreases with
increasing parameter value, and so does the false positive rate (indicated by the red line).
As the number of bad events is only mildly affected, the drop in mean primary angle error
and its standard deviation for mixed and no delta data sets, and in the false positive
rate, motivate the choice of 1.5mm2 (reduced).

4.3.4 Lepton Track Separation

For events that have been evaluated as having two tracks because of a knock-on electron,
the core problem of separating both lepton tracks has to be solved.

6https://root.cern.ch/doc/v608/classTF1.html#a0ec4878f851604ca6130832b561e2d81

.
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Figure 4.11: Illustration of the concept of track separation by using a triangle
covering the lepton tracks. Adapted from event 822/16. The triangle
of largest area covering the lepton tracks is shown in blue. The sides of
the triangle going outward from the K-stop (magenta asterisk) shown in
orange constitute the two separated tracks. For details on the graphs
elements, refer to section 4.2.1

.

.

The main idea is that the knock-on electron is emitted at a certain angle to the
primary lepton track, therefore roughly forming a triangle with the K-stop and the
outermost lepton bars for each track as the corner points. Figure 4.11

.

illustrates the
concept. As the knock-on electron emission angle can be assumed to be acute, both
particles go outward from the K-stop, because it is the point of origin for the primary
lepton. Both tracks will then be the sides of the triangle connecting the K-stop with
the outer most points of each track. For events where the knock-on electron emission
happens far away from the K-stop and its bars would not align with the side of the
triangle, this still works because of how the actual bar track is constructed from these
lines (see section 4.3.5

.

).
Now, the three bars that span the triangle of largest area have to be found.
As a first step, the convex hull of all lepton bars is determined. A convex hull of a

set is the smallest convex polygon containing all points in that set. A polygon is a set
of points joined by line segments that covers a closed area. Convex means that that all
line segments connecting all possible pairs of points in the polygon lie within the area
covered by the polygon. To find the convex hull, the Graham scan [14

.

, 12

.

] algorithm is
used. Details are provided in the references.

From the set of bars in the convex hull, all permutations of sets of three bars are
considered and the area covered by the triangle connecting the world positions of the
respective bars is calculated. The three bars with the largest associated triangle area are
chosen as the corner bars.
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Figure 4.12: Illustration of a path (red) through adjacent lepton bars (black)
connecting the corner bar closest to the K-stop (magenta) to one of the
other corner bars (blue). Adapted from event 1213-1/6013. For details
on the graphs elements, refer to section 4.2.1

.

.

Two lines connecting the bar with the world position closest to the K-stop with each
of the remaining two bars are defined. These lines roughly correspond to the two tracks
of the two leptons. The next section will be concerned with assigning the hit lepton bars
to either of the lines and therefore forming the actual tracks.

4.3.5 Bar Assignment

To find the actual bar tracks that are associated with the lines found in the previous
step, two paths of bars that connect the corner bar closest to the K-stop with each of
the two other corner bars, have to be constructed. This is illustrated in figure 4.12

.

.
The goal is to find a path through a set of connected bars. Therefore the bars

are represented as an undirected graph. This is not to be confused with a graphical
visualization of a function. A graph is a set of points called vertices or nodes. Pairs of
vertices can be connected by edges which represent some sort of relation between the
respective vertices. In a weighted graph, the edges have an associated numerical value,
the weight. It is used to quantify the relationship between the connected vertices.

Each hit lepton bar is a vertex of the graph and has edges to each of its eight adjacent
neighbor bars, but only hit bars are considered. The weight of the edges is taken to
be the euclidean distance between the world space coordinates of each bar. Therefore
diagonally adjacent bars have a higher weight than orthogonally adjacent ones.

To find the connection between two points in this graph, namely the bar closest to
the K-stop and one other corner bar, Dijkstra’s algorithm [8

.

] is used. Given a source
vertex, it computes the shortest path to every other vertex by choosing a path through
vertices which minimizes the sum off the weights along the path. For details refer to the
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literature. The lepton paths are now the shortest paths between the corner bar closest to
the K-stop, and one of the remaining corner bars.

Not only the lepton hit bars that are part of the shortest path should be part of the
track. Therefore, all lepton bars that are adjacent to only one of the paths are added to
the respective track. The resulting clean up of the tracks, where bars far from the paths
are excluded, can be seen in figure 4.2

.

comparing (K-Stop Determination) and (Both
Tracks).

This method has a problem with events that have gaps in their lepton bars, i.e., not
all chunks of lepton bars are adjacent to each other. An example of such an event can be
seen in figure 4.13

.

Gaps in the bars can have multiple origins. Fibers have a finite detection efficiency;
therefore, one fiber along the lepton trajectory through the target might simply not
detect a hit. Some events have kaon bars overlapping with lepton bars, because secondary
electrons are emitted by the kaon before the decay. Of course these should not be
considered for the track fitting. Same is true for single outlier bars that light up in
the detector because the are for example struck by cosmic radiation. As such processes
are not implemented in the simulation, they are not of concern for this analysis, but
experimental data has to be cleaned accordingly before analysis.

Jumping

The way to handle gaps in the lepton bars, that was implemented, is to allow Dijkstra’s
algorithm to “jump” over gaps while searching for a path. If it finds a bar that does not
have any edges to other vertices in the graph, it adds all hit bars within a certain world
space radius as vertices connected to that bar to the graph. Figure 4.13

.

illustrates this
behavior.

Originally a radius of 9mm was set. That corresponds to three bars orthogonally an
roughly two bars diagonally. In order to find the best value for this the jumping radius
was made a parameter, PATH_TRAVERSAL_DIJKSTRA_JUMP_RADIUS. Now the parameter
was varied as described in section 4.2.3

.

with the results presented in figure 4.14

.

.
The number of bad events and the primary error standard deviation has a big decrease

after 7.5mm and continues to decline more slowly afterwards. While it might seem
desirable to increase the radius even higher, this worsens the mean primary angle error,
which has its minimum at 7.5mm. So this value was chosen as the optimum.

Off-Track-Penalty

Jumping over large distances has the problem of including bars that are within the radius,
but skipping other bars that should be traversed as part of the path. Therefore a different
method of handling gaps was implemented as part of the work on this thesis.

In this method, not only hit lepton bars, but all adjacent bars are considered to be
connected by edges in the graph. To only use non-hit bars in a gap and not for the whole
path, walking through non-hit bars is penalized by artificially scaling the weight of the
associated edge. This makes it “cheaper” for the algorithm to walk through hit bars and
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Figure 4.13: Illustration of the jumping method to deal with gaps in lepton
bars during track construction. Adapted from event 1213-1/6013. Lepton
bars are shown in black, with the bar closest to the K-stop in magenta, the
other corner bars in blue. Red bars are part of the constructed track. The
red circle indicates the radius in which non-adjacent bars are considered
for bars without neighbors. For details on the graphs elements, refer to
section 4.2.1

.

.

Figure 4.14: The influence of the variation of the parameter PATH_TRAVERSAL_
DIJKSTRA_JUMP_RADIUS on the primary angle error. The value 7.5mm
minimizing primarily the mean primary angle error and its standard
deviation, but also reducing the number of bad events significantly is
shown as a dotted line. PATH_TRAVERSAL_DIJKSTRA_JUMP_
RADIUS is given in mm. Details on graph generation in section 4.2.3

.

.
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Figure 4.15: Illustration of allowing non-hit adjacent bars during track con-
struction in order to deal with gaps in the lepton bars, but penalizing
them. Adapted from event 1213-1/6013. Lepton bars are shown in black,
with the bar closest to the K-stop in magenta, the other corner bars in
blue. Red bars are part of the constructed track. Translucent bars indi-
cate that their weight has been artificially increased. For details on the
graphs elements, refer to section 4.2.1

.

.

the path will immediately snap to these if they are available. Figure 4.15

.

illustrates this
behavior.

The penalty on the edges is enforced by multiplying their original world space distance
value with PATH_TRAVERSAL_ALL_PENALTY. This parameter has been varied as described
in section 4.2.3

.

and the results are shown in figure 4.16

.

.
As one would expect, once the penalty is above a certain threshold, the actual value

has no influence anymore. It is strong enough to force the path back onto the hit bars
immediately while allowing jumps over gaps of arbitrary size. Any value above 10 seems
to be sufficient, 1000 has been set as a default value.

On all data sets the jumping method was very slightly better in terms of the mean
primary angle error and its standard deviation, but slightly worse in terms of the detection
efficiency. Ultimately the angle error matters most, hence, the jumping method was
chosen as the default.

4.3.6 Primary Identification

Having separated and populated the two tracks, the one corresponding to the primary
decay lepton has to be identified and the one corresponding to the knock-on electron
marked as secondary. Only the primary track is energetic enough to reach the TOF

.

1, so
the primary track should be the one aligned with the TOF

.

1 hit point.
Originally this was determined by considering the reduced χ2 of fits of each track
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Figure 4.16: The influence of the variation of the parameter PATH_TRAVERSAL_
ALL_PENALTY on the primary angle error. Above a certain value, the
penalty is strong enough and the actual value does not have an influ-
ence anymore. Acceptable values are covered in gray. Details on graph
generation in section 4.2.3

.

.

including the TOF

.

1 hit point. For a set of points {(xi, yi)} and a fit function f , χ2 can
be calculated by [35

.

, eqn. 42]

χ2 =
∑
i

(
yi − f(xi)

)2
σ2
i

, (4.7)

where σi is the Gaussian uncertainty associated with the value of yi. To find the reduced
χ2, it has to be divided by the number of degrees of freedom. The track with the lower
χ2 value is the better fit for the track including the TOF

.

1.
This method failed for events with a big spread in the primary track and a well

aligned secondary track, like the one displayed in figure 4.17

.

. Even taking the TOF

.

1
into account, which is far off from the perspective of the secondary track, the fit for the
spread out primary bars results in the greater χ2 value.

To improve the identification method, two fits are now calculated for each track. One
including the TOF

.

1 hit, and one with out it. The track with the smaller angle difference
between these two fits is identified as the primary one. This way, the algorithm does not
have to care about the χ2, i.e., the spread of the track, but directly selects the one “more
in line” with the TOF

.

1 hit point.
The weight, with which the TOF

.

1 is included in the fit is varied with the parameter
FIT_TOF1_WEIGHT. This is simply achieved by adding it multiple times to the data set
before fitting. To study the impact of the TOF

.

1 weight on the algorithm, it has been
varied according to figure 4.18

.

.
As expected, not including the TOF

.

1 in the fits yields very bad results on all metrics.
Generally any figure or merit only seems to get better with a higher weight for the TOF

.

1.
Unfortunately this result does not transfer over to the analysis of experimental data, as
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Figure 4.17: Illustration of the method for primary track identification
Adapted from event 828/103. For each track, two fits are calculated.
One including the TOF

.

1 (bright) and one without it (dark). The TOF

.

1
hit point is indicated by a cyan marker. For details on the graphs ele-
ments, refer to section 4.2.1

.

.

Parameter Unit Default Optimal
K_STOP_CENTROID_THRESH mm 8 2
TWO_TRACK_MIN_LEPTON_BARS − 5 2
TWO_TRACK_MIN_CHISQ mm2 1 1.5
PATH_TRAVERSIAL_DIJKSTRA_JUMP_RADIUS mm 9 7.5
PATH_TRAVERSIAL_ALL_PENALTY − 1000 >10
FIT_TOF1_WEIGHT − 3 5

Table 4.2: Summary of the default values used for the algorithm parameters
and the optimal values found by variation.

the TOF

.

1 value is supplied by the simulation. For experimental data, the uncertainty on
its value is way bigger. Therefore, overrating its accuracy might lead to a worse analysis.
The value 5 was chosen out of cautiousness.

4.4 Results
To sum up the above discussion, the set of optimal parameters found by variation is
given in table 4.2

.

. For comparison, the default values chosen during development are
also listed. These could be shown to be not ideal when they are chosen naïvly.

Using the set of optimal parameters, the figures of merit explained in section 4.2.3

.

were calculated on the data sets listed in the same section. Their values are given in
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Figure of Merit Value Unit

Mean Primary Angle Error 1.20 ◦

Primary Angle Error Standard Deviation 1.06 ◦

Rate of Events w/ Error > 10◦ 0.48 %
Delta Detection Efficiency 78.80 %
False Positive Rate 6.58 %

Table 4.3: Figures of merit for the algorithm evaluated on the set of optimal
parameters. Explanation in section 4.2.3

.

.

table 4.3

.

. All values were averaged over the two data sets containing only knock-on
electron events, except the false positive rate, which was obtained from the set only
containing single track events. The meta-analysis plot summaries for all data sets with
the optimized parameter set are listed in chapter 5

.

.
The mean primary angle error is of the same order of magnitude as its standard

deviation. Since both quantities seem to be minimized by the same parameter tuning,
there is not much that can be done about it. In the end there will always be a finite
spread in the evaluated angle, so the current values should be seen as acceptable. Overall
(1.20± 1.06) is still a relatively small error and even if both mean and standard deviation
can be driven down further by algorithm improvements, it seems unlikely that their ratio
will change much.

The comparatively low detection rate could be thought of as troublesome, but in the
end, the angle error matters most. While tuning the parameters, one could easily aim for
a high detection efficiency, but if that drives the over all angle error up for the same data
set, it doesn’t make sense. That a minimized angle error results in such a low detection
rate just means, that in the cases where a one track fit is wrongly attempted on a two
track event, it still yields a good end result. One can therefore assume that these are
events with very small delta tracks that don’t affect an one track fit. Apparently it would
decrease the quality of the rest of the two track fits if the parameters are adjusted to also
analyze these events in a two track manner or the two track algorithm delivers worse
results than a simple fit in these cases.
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Chapter 5

Conclusion

In this thesis, the J-PARC

.

/E36 experiment’s goal and execution have been explained.
The search for new physics and the test of lepton universality are given as a motivation
for measuring the ratio RSM

.

K of electronic over muonic decay mode of the kaon system.
The theoretical background necessary for understanding this project and the functionality
of the detector system in use have been explained as well. A basic description of the
general detector has been given, with a more in-depth focus on the segmented fiber target
that plays a crucial role in the analysis. The main focus of this project has been the
evaluation and optimization of one algorithm in the analysis pipeline.

To discuss the problems and solutions encountered during the work on the algorithm,
it was thoroughly explained step-by-step. The applied improvements have been backed
up by a numerical evaluation of parameter variation, so that the influence of different
parts of the algorithm on its performance could be shown. While working on the code,
different tools for data visualization and statistical analysis have been developed and
their functionality laid out as well. In the end, an optimal set of parameters has been
found and the resulting algorithm performance evaluated in the face of several figures of
merit.

While a lot of improvements have been successfully implemented, there are still several
parameters statically included in the code that could be varied and optimized. Since
the algorithm has only been applied to simulation data and the analysis pipeline for the
experimental results is disjunct from it, a next step would be to merge these together, so
that findings from the simulation study can be transferred directly to the experimental
data.
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